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CURVATURE DECOMPOSITION OF G2 MANIFOLDS
RICHARD CLEYTON AND STEFAN IVANOV
Abstract. Explicit formulas for the G2-components of the Riemannian curvature tensor on a
manifold with a G2 structure are given in terms of Ricci contractions. We define a conformally
invariant Ricci-type tensor that determines the 27-dimensional part of the Weyl tensor and show
that its vanishing on compact G2 manifold with closed fundamental form forces the three-form to
be parallel. A topological obstruction for the existence of a G2 structure with closed fundamental
form is obtained in terms of the integral norms of the curvature components. We produce integral
inequalities for closed G2 manifold and investigate limiting cases. We make a study of warped
products and cohomogeneity-one G2 manifolds. As a consequence every Fernandez-Gray type of
G2 structure whose scalar curvature vanishes may be realized such that the metric has holonomy
contained in G2.
1. Introduction
A 7-dimensional manifold M is called a G2 manifold if its structure group reduces to the
exceptional Lie group G2, i.e. in the presence of a G2 structure on M . In practical terms this
is a non-degenerate three-form which is positive, in the sense that it associates a definite metric
to M . This three-form is called the fundamental form of the G2 manifold and is throughout this
paper denoted by φ. From the purely topological point of view, a 7-dimensional paracompact
manifold is a G2 manifold if and only if it is an oriented spin manifold [30]. The reduction of the
structure group lifts the representation theory of G2 to tensor bundles and allows to split bundles
and their sections according to their G2 decompositions. It also equips M with a unique canonical
G2 connection of minimal torsion, in addition to the Levi-Civita connection of the associated
metric. The difference of these is the intrinsic torsion of the G2 structure. Decomposing the
intrinsic torsion into G2 irreducible parts divides G2 structures into 16 torsion classes labeled by
the non-vanishing torsion components [18]. These components of torsion are precisely the first
order diffeomorphism invariants of the G2 structure φ. Based on the general theory of Cartan,
Robert Bryant observes in [9] that, for a G2 structure, the diffeomorphism invariants which are
polynomial in the derivatives of φ up to second order, are sections of a vector bundle of rank 392.
In the same paper Bryant describes the G2 invariant splitting of this bundle in to eleven G2
irreducible components. This includes the splitting of the Riemannian curvature tensor in to five
components. Three of these are part of the Weyl tensor W =W77⊕W64⊕W27 (subscripts denote
dimensions of the corresponding bundle) and the remaining two correspond to the traceless Ricci
curvature and scalar curvature of the underlying metric.
In the present note the focus is on the following basic question: What type of conclusion about
the intrinsic torsion may be obtained by imposing conditions on the five curvature components of
the Riemannian curvature and vice-versa?
For instance, it is well known that when the torsion vanishes completely, the Riemannian curva-
ture is preciselyW77, [1]. This has several nice corollaries. First, the observation by Bonan [5] that
metrics with holonomy G2 are Ricci-flat follows immediately. Secondly, the other four curvature
components are determined linearly by the covariant derivative of the intrinsic torsion and a term
of second order in the components of the torsion, see Proposition 4.1.
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Moreover, the representation theory of G2 determines precisely how the square of the torsion
and its derivatives contribute to curvature components. Qualitative results deduced from this are
listed in Tables 1 and 2. On the quantitative level, universal formulas for the scalar curvature and
Ricci curvature in terms of torsion and its covariant derivative must exist. These were computed
for the special instance of G2 structures with skew torsion in [20] and for the general case in [9]. For
obtaining such expressions as well as for their applicability the following observations play crucial
roles. The fundamental form is parallel with respect to the Levi-Civita connection precisely when
the intrinsic torsion is zero. If so, the associated metric has holonomy contained in G2 and we
say that the G2 structure is parallel. Gray [22] showed (see also [18, 7, 34]) that a G2 manifold is
parallel precisely when the fundamental form is harmonic. This has the corollary that, for a general
G2 structure, the intrinsic torsion is completely determined by the differential and co-differential
of the fundamental three-form. The relationship may be made explicit, see section 3.1, and so
embeds the intrinsic torsion in the exterior algebra. The curvature componentW27 manifests itself
in the form of a second Ricci-type tensor on G2-manifolds. This has an expression as a linear
combination of the Ricci tensor and the ⋆-Ricci tensor introduced in [12] (here re-baptized “the
φ-Ricci tensor” to emphasize the dependency on the three-form φ rather than the metric). Using
this and the fact that the space of symmetric two-tensors on R7 injects into the space of three-forms
provides expressions for scalar curvature, Ricci curvature andW27, quadratic in the components of
the derivative and coderivative of the fundamental form and linear in exterior derivatives (rather
than covariant derivatives) of the same components, see Lemma 4.4. This is a generalization of
the equations previously found by Bryant [9] and Friedrich-Ivanov [20]. An equivalent formula
involving the canonical connection is also given, see Lemma 4.7. In Theorem 4.10 we give the
precise relations betweenW27 and the induced symmetric two-tensor, plus other algebraic relations
between curvature components, scalar curvature sg and the Ricci tensor of the associated metric
g.
Turning to applications we first re-examine the G2 structures φ is either parallel (zero torsion),
nearly parallel (a one-dimensional torsion component is non-zero) or locally conformally equivalent
to one of these types (allowing an additional non-zero one-form part in the intrinsic torsion). For
nearly parallel structures we recover results of Gray and Reyes-Carrion, i.e. that the induced metric
is Einstein with positive scalar curvature [23] and W64 = 0 = W27 [33]. Conformal invariance of
the Weyl curvature shows that the latter facts hold for the wider class of G2 manifolds locally
conformal to parallel and nearly parallel, see section 5.
In section 6 we concentrate on G2 manifolds with closed fundamental three-form. Closed G2
structures are interesting for several reasons. In favorable circumstances a closed G2 structure
on a compact manifold may be deformed to obtain a metric with holonomy G2. This lies at
the heart of the work on the existence of compact parallel G2 manifolds by Joyce [26, 27] and
Kovalev [29]. Furthermore, closed G2 structures share several features with nearly parallel G2
structures. Notably, in both cases the full space of second order diffeomorphism invariants is
determined by the components of the Riemannian curvature of the underlying metric, something
that is, in general, not true for a G2 structure, see [9] and Remark 4.11.
In [12], we found that a compact G2 manifold with a closed G2 structure is Einstein only if it is
parallel. Using our new formulas for the Ricci-type tensors this result is easily recovered, allowing
to interpret the ‘natural equations for closed G2 structures’ coined in [9]. In particular we show
that the concept of closed G2 structures with extremally pinched Ricci curvature is precisely that
of a closed G2 for which the 27-dimensional component of the covariant derivative of the intrinsic
torsion is zero.
As mentioned above, general principles show that the curvature component W64 also has an
expression in terms of torsion and its derivatives, even for a general G2 structure. This is however
hampered by the lack of a sensible representation of the constituent tensors. Yet, for closed G2
structures an explicit formula is available, see Lemma 6.5. Certain constraints on the curvature of
a closed G2 structure can only be satisfied when φ is also coclosed. To be precise, we have
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Theorem 1.1. Suppose M is a compact manifold with closed G2 structure φ. If W27 = 0 then φ
is parallel. The same conclusion holds if W77 and W64 vanish simultaneously, in which case the
associated metric is furthermore flat.
The first statement here is implicitly contained in [9] although more is true. On a compact
M , the same conclusion holds for the vanishing of any linear combination of the two Ricci-type
tensors, apart precisely from the case corresponding to an extremally pinched Ricci metric.
From the structure equations of a closed G2 structure it follows that the intrinsic torsion is
parallel with respect to the canonical connection precisely when the associated metric is extremally
Ricci pinched and W64 is zero. There is a then a natural hierarchy of closed G2 structures. Those
with zero torsion clearly form the smallest class, contained in that of parallel torsion, which is in
turn a subclass of extremally Ricci pinched structures.
CompactM ’s with closed φ have a natural diffeomorphism invariant number n(M,φ) associated
to them by taking the cup product of the first Pontrjagin class p1(M) with the de Rham class [φ]
and pairing with the fundamental class [M ], i.e. n(M,φ) := 〈p1(M)∪ [φ], [M ]〉. Using Chern-Weil
theory and the decomposition of the Riemannian curvature we obtain an expression for n(M,φ)
through an integral of norms of curvature components, see Theorem 7.1. Now each of the classes
in the hierarchy of closed G2 structures are characterized by realizing different equalities in a series
of estimates for n(M,φ) in terms of L2 norms of curvature components. For the penultimate
class we shall furthermore prove that such compact manifold are locally isometric to the example
constructed by Bryant in [9]:
Theorem 1.2. Let M be a G2 manifold with a closed fundamental form φ.
(a) Suppose the intrinsic torsion is parallel with respect to the canonical G2 connection. Then
(M,φ) is locally isometric to the homogeneous space G/ SU(2) where G is the Lie group consist-
ing of affine transformations of two-dimensional complex space preserving its standard complex
volume form.
(b) Suppose furthermore that M is compact. Then
n(M,φ) > −
1
8π2
∫
M
{
‖W77‖
2
− 316s
2
g
}
dVg ,
and equality holds if and only if M is as described in (a).
In the light of the above results we make the following
Conjecture. Suppose M is compact and φ is a closed G2 structure on M with extremally pinched
Ricci curvature. Then the universal covering space M˜ of M is isometric to G/ SU(2) equipped with
its unique G2 structure with parallel torsion.
Equivalently, we expect the classes of closed φ with extremally pinched Ricci curvature and
those with parallel intrinsic torsion to coincide on compact manifolds.
In the last section we present some examples intended to elucidate the difficulty of making
conclusions about torsion from vanishing of curvature components, for general G2 structures.
As a starting point warped products and cohomogeneity-one G2 manifolds with exactly one non-
vanishing curvature component (W77) and non-trivial torsion are given. These realize every possible
torsion type allowed by the vanishing of the scalar curvature, with one exception.
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2. The fundamental three-form
Let (V, 〈·, ·〉) be an n-dimensional Euclidean vector space. An n-form vol on V is said to be a
volume form for the given inner product if |vol| = 1 with respect to the inner product induced on
the exterior algebra Λ∗V ∗. Write iv : Λ
pV ∗ → Λp−1V ∗ for the interior product. Suppose now that
n = 7 and that φ is a three-form on V such that
(2.1) iuφ ∧ ivφ ∧ φ = 6 〈u, v〉vol
for some positive definite inner product 〈·, ·〉 and volume form vol. Then φ is non-degenerate in
the sense that v 7→ ivφ is injective. It follows that the isotropy group of φ is the simple Lie group
G2, see e.g. [24], and a basis of orthonormal one-forms e
i for V ∗ may be chosen such that
φ = e127 + e347 + e567 + e135 − e245 − e146 − e236,
∗φ = e1234 + e3456 + e5612 − e2467 + e1367 + e2357 + e1457.
(2.2)
Here eijk is short-hand for ei ∧ ej ∧ ek and so on. From equation (2.1) it is clear that G2 is a
closed subgroup of SO(7). Via the inner product the Lie algebra g2 of G2 may be identified with
the 14 dimensional subspace of Λ2V ∗ complementary to the span of {iuφ : u ∈ V }. One says that
a three-form satisfying equation (2.1) for some positive inner product and volume form on V is a
G2 three-form or fundamental three-form of G2. The inner product and volume form so defined
are said to be associated to the three-form. Alternatively, fixing an inner product and volume
form, any three-form satisfying the relation (2.1) is called compatible with the metric and given
orientation. A basis of one-forms {ei} over a vector space V for which a G2 three-form φ has the
expression (2.2) is called G2-adapted.
A G2 three-form φ induces a splitting of the exterior algebra Λ
∗V . We have equivariant projec-
tions prd : Λ
rV ∗ → ΛrV ∗ given by
(2.3)
p27(α) =
1
3 (α+ ∗(α ∧ φ), p
2
14(α) =
1
3 (2α− ∗(α ∧ φ),
p31(β) =
1
7 ∗(∗φ ∧ β)φ, p
3
7(β) =
1
4 ∗(∗(φ ∧ β) ∧ φ), p
3
27(β) = β − (p
3
1 + p
3
7)(β).
A subscript d = 1, 7, 14, or 27 indicates the dimension of the images, denoted by Λrd, of the
corresponding projections. These are all irreducible representations of G2. Projections for r > 3
are obtained by composing with the Hodge star operator ∗ : Λr → Λ7−r, prd := ∗ ◦ p
7−r∗.
On several occasions in what follows we shall come across representations that do not occur
as subspaces in the exterior algebra of the standard representation. We fix the notation for these
as follows. Choose a system of positive roots for g2 such that the standard representations has
highest weight (1, 0) and the adjoint representation (0, 1). We write V
(µ1,µ2)
d for (the isomorphism
class of) the irreducible representation with highest weight (µ1, µ2) and dimension d. So the
standard representation is V
(1,0)
7 , the adjoint representation g2 is V
(0,1)
14 , while the space of traceless
symmetric tensors is V
(2,0)
27 . When the dimension is sufficient to identify the representation the
superscript will be dropped.
The 27 dimensional subspace Λ327 is isomorphic the space of traceless symmetric tensors over
V . This isomorphism may be given explicitly as the restriction of
(2.4) λ3(e ⊗ e) := e ∧ (e y φ)
to tracefree tensors. An map from Λ3 to 2-tensors is given by contracting an arbitrary three-form
with the fundamental form over two indices
σ(α)(u, v) = 〈iuφ, ivα〉 .
The two-tensor σ(α) is a symmetric tensor only when p37(α) vanishes, and tracefree only if p
3
1(α) =
0. Note that λ3(g) = 3φ. For a symmetric tensor h with zero trace one has the simple relation
(2.5) |λ3(h)|
2 = 2 ‖h‖
2
.
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A few words on how identities such as (2.5) and (2.3) are verified, given that these techniques are
well-established. All identities here represent relations between maps to or from an irreducible
representation. Then Schur’s Lemma ensures that any two such maps must be equal up to a
constant multiple. It is then sufficient to evaluate left- and right-hand sides on a test element.
Examples of such may be provided as follows. Choose a G2 adapted basis e
i of V ∗. Set ω :=
e12+e34+e56 and ψ+ := e135−e245−e146−e236. Then φ = ω∧e7+ψ+ and ω ∈ Λ27, e
12−e34 ∈ Λ214
are test elements in Λ2V ∗. In degree 3 we have φ ∈ Λ31 while ψ
− := −e246+ e136+ e235+ e145 ∈ Λ37
and 4ω ∧ e7 − 3ψ+ ∈ Λ327. More test elements with an application of Schur’s Lemma are given in
the proof of the following Lemma.
Lemma 2.1. Let V denote R7 equipped with G2 three-form φ (2.2) and associated metric g. Let
∧3 : V
∗ ⊗ Λ2V ∗ → Λ3V ∗ be the map given by the wedge product ∧3(α ⊗ β) = α ∧ β. The tensor
product V ∗ ⊗ Λ214 decomposes as
V ∗ ⊗ Λ214
∼= V
(1,1)
64 + V
(2,0)
27 + V
(1,0)
7
and the restriction ∧3| : V
∗ ⊗ Λ214 → Λ
3V ∗ has kernel V
(1,1)
64 and cokernel Λ
3
1. Moreover, the
identity
7 ‖γ‖
2
= ‖∧3(γ)‖
2
holds for every γ in the 27 dimensional irreducible submodule of V ∗ ⊗ Λ214.
Proof. First, since V ∗ and Λ214 are non-isomorphic representations the decomposition of their tensor
product contains no trivial summand. So it is clear that the cokernel of ∧3 : V
∗ ⊗ Λ214 → Λ
3V ∗
must contain Λ31. Furthermore, as V
(2,0)
27 is real and irreducible, there is, up to scale, precisely one
invariant map S2(V
(2,0)
27 ) → R. By Schur’s Lemma, there exists a constant c so that the relation
c ‖γ‖2 = ‖∧3(γ)‖
2 holds for all γ ∈ V
(2,0)
27 .
Let {ei} be a G2 adapted basis. Write π : V
∗⊗Λ2V ∗ → V ∗⊗Λ214 for the orthogonal projection
α⊗β 7→ α⊗p214(β). Then π(e
i⊗ei7) provides a test element in a submodule of V ∗⊗Λ214 isomorphic
to V ∗ ∼= V
(1,0)
7 and one may calculate ∧3(π(e
i ⊗ ei7)) = −ψ− ∈ Λ37. This shows that coker(∧3|) is
no bigger than Λ327 + Λ
3
1.
Set γ′ := e7 ⊗ (e12 − e34) ∈ V ∗ ⊗ Λ214. Then ∧3(γ
′) = e127 − e347 ∈ Λ327 which proves that
coker(∧3|) = Λ
3
1 and also shows that V
∗ ⊗ Λ214 contains irreducible submodules isomorphic to V27
and V . The decomposition now follows by noting that the dimension of the Cartan product V (1,1)
inside V ∗ ⊗ Λ214 is 64. It is then clear that ker(∧3|)
∼= V
(1,1)
64 .
All we now need is to find a test element in V
(1,1)
64 ⊂ V
∗ ⊗ Λ214. Since p
3
7(∧3(γ
′)) = 0, γ′
itself must lie the submodule isomorphic to V
(1,1)
64 + V
(2,0)
27 . Composing the inclusion i : Λ
3V ∗ →֒
V ∗ ⊗ Λ2V ∗ with the projection π we obtain γ′′ := π(i(∧3(γ
′))) − γ′. It is easy to check that
〈γ′′, γ′〉 = 0, ‖γ′′‖
2
= 163 , ‖γ
′‖
2
= 4 in the tensor norm, and ∧3(γ
′′) = 43 ∧3 (γ
′). We then have
4γ′′ − 3γ′ ∈ V
(1,1)
64 and γ := γ
′′ + γ′ ∈ V
(2,0)
27 . Evaluating the norms of γ and ∧3(γ) completes the
proof. 
When modules are not irreducible but maps between them still G2, calculations on the compo-
nents of the tensors are made easier by the fact that φ generates the space of invariant tensors.
This guarantees that relations between contractions of metric g, φ and ∗φ - spelled out in [9] and
also exploited in [12] - do exist. For ease of reference we recall these identities here. Let φ be a
G2-three-form and ∗φ its dual four-form via the associated metric and orientation. Write φijk for
the components of φ and φijkl for the components of ∗φ with respect to a basis e
i of one-forms on
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V ∗. Then one has the identities, see [9]
φipqφpqj = 6δij ,(2.6)
φijpφpkl = δikδjl − δjkδil + φijkl ,(2.7)
φijpqφpqkl = 4(δikδjl − δjkδil) + 2φijkl,(2.8)
φipqφpqjk = 4φijk,(2.9)
φijpφpklm = δikφjlm − δjkφilm + δilφjmk − δjlφimk + δimφjkl − δjmφikl,(2.10)
where repeated indices here and below indicate that a summation is taking place. The identities
listed here are valid only when the basis chosen is orthonormal. For a general basis one must replace
the δpq’s with the components gpq of the associated metric in this basis and simple summations
must be replaced with contractions with the inverse metric. This means, for instance, that the
first identity becomes φiprg
pqgrsφqsj = 6gij .
3. Torsion of a G2 structure
A G2 structure or G2 three-form on a 7 dimensional manifold M is a three-form φ such that
for any two vector fields X,Y
(3.11) iXφ ∧ iY φ ∧ φ = 6g(X,Y )vol(g),
where g is a Riemannian metric and vol(g) is a volume element for g. Fixing the three-form, we
say that g and vol(g) satisfying (3.11) are the metric and orientation associated to φ. A different
viewpoint is offered by fixing a metric g and a orientation. Then a three-form φ is called compatible
with this choice when (3.11) holds.
A G2 structure defines reductions of the bundle LM of linear frames σ : R
7 → TxM of M first
to the bundle of orthonormal frames F (M, g) such that σ∗g is the standard metric on V = R7
and then to the bundle P of G2 adapted frames such that σ
∗φ is the standard G2 structure on
V given by (2.2). Any such reduction of the bundle of orthonormal frames with structure group
G carries a unique G connection ∇ called the canonical connection of P . This has the property
that the intrinsic torsion ξ defined by ξ := ∇g −∇ of P is a one-form with values in g⊥ ⊂ so(7).
Here and everywhere else in this paper ∇g denotes the Levi-Civita connection of a given metric g.
Identifying tensor bundles T (p,q)M with the corresponding associated bundles P ×G V
(p,q) allows
to identify tensor fields with equivariant functions P → V (p,q). When W is a G-representation,
we adopt the convenient but somewhat improper notation γ ∈ W , meaning γ is a section of the
bundle associated to W . Given a G-invariant tensor γ on V it makes sense to define a section
γ ∈W by setting p 7→ γ for all p ∈ P . This tensor will be parallel with respect to ∇. In this way,
equivariant linear maps between representations c : W → W ′ of G give rise to maps of associated
bundles commuting with the covariant differentiation by ∇
(3.12) ∇X(c(η)) = c(∇Xη), X ∈ V, η ∈ W.
Let . denote the induced action of a Lie algebra g on representations V of G. Extending this to
associated bundles we apply the short-hand notation ∇gγ = ∇γ + ξ.γ. With the convention that
∧p : V
∗ ⊗ ΛpV ∗ → Λp+1V ∗ is the map α⊗ β → α ∧ β we define
d∇β := ∧p(∇β) = dβ − ∧p(ξ.β).
For further details on G structures see for instance [34].
The complement g⊥2 of g2 in so(7) is isomorphic to the standard representation V = V7 of G2.
So the decomposition of the intrinsic torsion ξ of a G2 structures follows from the splitting
(3.13) V ⊗ V = S2V + Λ2V = S20V + R+ Λ
2
14 + Λ
2
7.
We write ξd for the projection of ξ to the d-dimensional subspace of V
∗⊗ g⊥2 corresponding to the
decomposition (3.13) ξ = ξ27 + ξ1 + ξ14 + ξ7.
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3.1. Derivatives of the fundamental three-form. The torsion components of a G2 structure
are differential forms τp ∈ Ω
p(M) such that [18]
(3.14)
dφ = τ0∗φ+ 3τ1 ∧ φ+ ∗τ3,
d∗φ = 4τ1 ∧ ∗φ+ τ2 ∧ φ.
This pair of equations are the structure equations for the G2 form φ.
The torsion type or Ferna´ndez-Gray class of a G2 structure is determined by the vanishing of
torsion components. The original enumeration of the torsion types of Ferna´ndez and Gray gives the
correspondences τ0 ↔ 1, τ1 ↔ 4, τ2 ↔ 2, and τ3 ↔ 3. For instance, a three-form has (Ferna´ndez-
Gray) type 1 + 3 if τ2 = 0 = τ1 and strict, or proper, type 1 + 3 if τ2 = 0 = τ1, but τ0 6≡ 0 and
τ3 6≡ 0. If all components are zero then φ is parallel.
The torsion τ and intrinsic torsion may be related explicitly as follows. Let ξ¯ denote the two-
tensor obtained by identification of g⊥2 ≃ Λ
2
7 with Λ
1
7 ≃ V
∗. In an orthonormal frame ei this is the
contraction
(3.15) ξ¯ = ξipqφpqje
i ⊗ ej ,
where ξijk = g(ξeiej , ek). The components of the intrinsic torsion may be recovered from ξ¯ by the
relation
(3.16) ξijk =
1
6 ξ¯ipφpjk .
In fact, still working in an orthonormal frame ei one then has a nice expression for the covariant
derivative of φ: (∇giφ)jkl = −
1
2 ξ¯ipφpjkl, which leads to the relations
(3.17)
ξ¯1 = −
1
2τ0g, ξ¯7 = 2∗(τ1 ∧ ∗φ),
ξ¯14 = τ2, ξ¯27 = σ(τ3).
These may also be found in [28]. An example of an application of the identity (3.12) is the
component-wise relation of covariant derivatives of ξ¯ and ξ, ∇iξjkl = ∇iξ¯jpφpkl.
4. Curvature of G2 manifolds
For a G structure on (M, g) the Riemannian curvature tensor may be given the following ex-
pression in terms of the canonical connection ∇ and the intrinsic torsion ξ:
(4.18) Rg = R+ (∇ξ) + (ξ2).
Here, R ∈ Λ2 ⊗ g is the curvature of the canonical connection, (∇ξ) ∈ Λ2V ∗ ⊗ g⊥ is defined by
(∇ξ)X,Y := (∇Xξ)Y − (∇Y ξ)X and (ξ
2) ∈ Λ2V ∗ ⊗ so(7) is the tensor (ξ2)X,Y Z = ξξY X−ξXY Z +
[ξX , ξY ]Z. Let K(g) be the space of algebraic curvature tensors with values in g ⊂ so(n) and fix
K := K(so(n)). Write K = K(g) ⊕K(g)⊥ with respect to g. The first statement of the following
proposition is then an easy consequence of the first Bianchi identity for Rg. The second statement
is a consequence of the first and a theorem of Ambrose and Singer [2], see [14].
Proposition 4.1. Let P be a G structure on a Riemannian manifold M with metric g. Then
the components of the Riemannian curvature in K(g)⊥ are determined by the components of the
covariant derivative of the intrinsic torsion ∇ξ and the tensor (ξ2).
If g is complete, ∇ξ = 0 and K(g) = {0} then (M, g) is locally isometric to a homogeneous
space and the universal cover of (M, g) is globally homogenous.
Remark 4.2. Note that one may equally well express the Riemannian curvature as Rg = R +
(∇gξ)− [ξ2], where [ξ2]X,Y := [ξX , ξY ]. In the almost Hermitian case g = u(m) and g
⊥ =
q
Λ(2,0)
y
.
It then follows that [ξ2] ∈ Λ2V ∗⊗ ((
q
Λ(2,0)
y
⊗
q
Λ(2,0)
y
)∩so(2m)) ⊂ Λ2V ∗⊗u(m). The bracket J·K
sends a complex representation to its underlying real representation. Based on this it was argued
in [15] that the components of Riemannian curvature in K⊥ are determined by the components
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of ∇gξ. However, this does not carry over to the G2 setting simply because [g
⊥
2 , g
⊥
2 ] 6⊂ g2 as one
easily verifies.
For G2 structures the decomposition of K is easily obtained. First, using standard techniques
of representation theory we have
(4.19)
S2(g⊥2 ) = V27 + V1, S
2(g2) = V
(2,0)
77 + V27 + V1, g2⊙ g
⊥
2 = V64 + V27 + V7,
S2(g⊥2 ) ∩K = 0, S
2(g2) ∩K = V
(2,0)
77 , (g2⊙ g
⊥
2 ) ∩K = V64.
where the convention V ⊙W := (V ⊗W +W ⊗ V ) ∩ S2(V +W ) for vector spaces V and W is
used. The decomposition of S2(so(7)) follows from (4.19). Let b : Λ2V ∗ ⊗ End(V ) → Λ3V ∗ ⊗ V
be defined as (br)(X,Y, Z) := r(X,Y )Z + r(Y, Z)X + r(Z,X)Y so that K = ker(b). Using that
b restricted to S2(so(7)) maps surjectively onto Λ4 one obtains K = V
(2,0)
77 + V64 + 2V27 + V1,
as observed in [9]. Comparing to the so(7) decomposition of K, see e.g. [4], K = W + R0 + S
where R0 ∼= S
2
0V
∗, S ∼= R, we see that the space of algebraic Weyl tensors W on a G2 manifold
decomposes as
W = W77 +W64 +W27,
where W77 := K∩S
2(g2)
∼= V
(2,0)
77 , W64 := K∩ (g2⊙ g
⊥
2 )
∼= V
(1,1)
64 and W27 := W \ (W77+W64)
∼=
Λ327
∼= S20V7. This, at least from the point of view of splitting the space of algebraic curvature
tensors K in to G2 irreducible subspaces, gives the decomposition of the Riemannian curvature
tensor of a G2 manifold. However, it is sometimes useful to have a more explicit description of
these submodules. To attain this, we first need to do a little more linear algebra.
So let for the moment φ, g be the standard G2 structure on V7 = V = R
7. Let rg be the usual
Kulkarni-Nomizu product viewed as an SO(7) equivariant map S2V ∗ → S2(Λ2V ∗),
(4.20) rg(h)(x, y, z, w) := (h> g)(x, y, z, w) =
h(y, z)g(x,w)− h(x, z)g(y, w) + h(x,w)g(y, z)− h(y, w)g(x, z).
This takes values in K, as one may easily verify. Then a G2 equivariant map rφ also from S
2V ∗
to K is
rφ(a1 ⊙ a2) := (a1 y φ)⊙ (a2 y φ)−
1
3b ((a1 y φ) ⊙ (a2 y φ)) ,
Here and elsewhere, a⊙ b := a⊗ b+ b⊗ a. The Bianchi map must of course be composed with the
proper musical morphisms. Contractions going in the opposite direction may be given as
cg(r)(u, v) := r(u, ei, ei, v),
where ei is an orthonormal basis. This is just the usual Ricci contraction. Using the isomorphism
S2(Λ2V ) ∼=g S
2(Λ2V ∗) we set
cφ(r)(u, v) := 4r(u y φ, v y φ).
The first equations of (4.21) below, correspond to the result cg(h?g) = (n−2)h+trg(h)g of taking
the Ricci contraction of a Kulkarni-Nomizu product, see [4]. These and the remaining equations
may be verified by a calculation in an orthonormal basis.
(cg ◦ rg)|S20V ∗= 5, (c
g ◦ rφ)|S20V ∗= 1, (c
g ◦ rg)(g) = 12g,
(cφ ◦ rg)|S20V ∗= 4, (c
φ ◦ rφ)|S20V ∗=
92
3 , (c
φ ◦ rg)(g) = −24g.
(4.21)
In analogy with the characterization R0 = {rg(h) : h ∈ S
2
0V
∗}, the space W27 may be described as
W27 :=
{
rg(h)− 5rφ(h) : h ∈ S
2
0V
∗
}
.
At last consider the projections P g2 : S2(so(7))→ S2(g2), P
⊙ : S2(so(7))→ g2⊙ g
⊥
2 . These maps
may be given closed form expression in terms of the projections p2d, d = 7, 14 of (2.3).
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4.1. Ricci curvature of G2 manifolds. Let (M,φ) be a G2 manifold with associated metric g
as usual. Define the φ-Ricci tensor1 as
(4.22) Ricφ(X,Y ) := cφ(Rg),
and write Ricg = cg(Rg) and sg = trg(Ric
g) for the Ricci and scalar curvatures of g. The identi-
ties (4.21) show that trg(Ric
φ) = −2sg, see also [12]. As usual, a subscript 0 indicates the traceless
part of a symmetric tensor.
The isomorphism (2.4) has striking consequences. Most importantly, the covariant derivatives
of ξ7, ξ14 and ξ27 all have precisely one component in a 27 dimensional irreducible subspace of
V ∗ ⊗ V ∗ ⊗ g⊥2 . Each of these may be identified with 27 dimensional components of suitable
exterior derivatives. Similarly, each 27 dimensional component of the ‘algebraic’ parts ξd ⊙ ξd′
of the Riemannian curvature has an equivalent expression in the exterior algebra. This was used
in [9] to obtain an expression for the Ricci curvature of a G2 manifold. When τ2 = 0, Ricci is
given in terms of covariant derivatives of the skew-symmetric torsion in [20] and a formula for
the Ricci tensor in terms of the covariant derivatives of the intrinsic torsion was very recently
presented in [28]. All this is subsumed by introducing a more general symmetric two-tensor, built
G2 equivariantly from the Riemannian curvature, as follows. For k = (k1, k2) ∈ R
2 write
(4.23) Rick0 := k1Ric
g
0 + k2Ric
φ
0 .
We shall call this tensor the generalized Ricci tensor and say that a G2 manifold (M,φ) is gener-
alized Einstein if Rick0 = 0 for some k = (k1, k2).
Remark 4.3. Since rescaling Rick0 does not affect the generalized Einstein equation there is of
course only an RP (1)-worth of such constraints, really.
As S20V has multiplicity two in K, any traceless symmetric two tensor on a G2 manifold must
equal Rick0 for some k ∈ R
2. Before giving the formula we need to demonstrate how the components
τ2 ⊙ τ3 and τ3 ⊗ τ3 determine three-forms. For this, choose a local G2 adapted frame (e1, . . . , e7).
For a two-form α and a three-form β set
[α⊙ β] :=
∑
k
iekα ∧ iekβ, [β
2]A :=
∑
k
∗(iekβ ∧ iekβ), [β
2]B :=
∑
k
((iekφ) y β) ∧ iekβ.
These are independent of the chosen frame and so extend to smooth contractions on M . The
first two contractions are in fact SO(7) equivariant. The fact that V7 does not occur in the
decomposition of S2(V27) guarantees that for β ∈ Λ
3
27, [β
2]A and [β2]B belong to Λ31 + Λ
3
27. Since
there is a summand isomorphic to V7 in Λ
2
14 ⊗ Λ
3
27 it is not quite obvious that [α⊙ β] ∈ Λ
3
1 + Λ
3
27
should hold for α ∈ Λ214 and β ∈ Λ
3
27, but this is nevertheless true.
Lemma 4.4. Let (M,φ) be a G2 manifold. Then
(4.24) λ3
(
Rick0
)
=
(
−(5k1 + 4k2)d∗(τ1 ∧ ∗φ) + 2(5k1 + 4k2)τ1 ∧ ∗(τ1 ∧ ∗φ)
− (k1 − 4k2)dτ2 +
1
2 (k1 + 2k2)∗(τ2 ∧ τ2) + (k1 + 4k2)∗dτ3 + k2[τ
2
3 ]
A + 12k1[τ
2
3 ]
B
− 12 (k1 − 4k2)τ0τ3 + (k1 − 4k2)τ1 ∧ τ2 + (3k1 − 4k2)∗(τ1 ∧ τ3) + 2k2[τ2 ⊙ τ3]
)
27
.
Proof. Proposition 4.1 and the remarks above show that any symmetric two-tensor coming from
contraction of Rg with φ and g must be a linear combination of the terms on the right-hand side
where coefficients are determined entirely in terms of the linear algebra of G2 and so in particular
are independent of the underlying manifold. Obtaining the given expression is then a matter of
evaluating the left- and right-hand side on examples. 
1This is called the ∗-Ricci tensor in [12]
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For k = (1, 0) this is due to Bryant [9] and so is the scalar curvature of a G2 manifold: (see
also [21, 28]
(4.25) sg = 218 τ
2
0 + 12δτ1 + 30 |τ1|
2
− 12 |τ2|
2
− 12 |τ3|
2
.
We also introduce the so-called W-Ricci-tensor:
RicW := 120
(
4Ricg0 − 5Ric
φ
0
)
.
Lemma 4.4 gives
Corollary 4.5. The symmetric traceless tensor RicW is a conformal invariant of a G2 structure.
Proof. Under a conformal change φ → φ˜ = e3fφ the torsion is known to transform as τ =
(τ0, . . . , τ3) → τ˜ = (e
−fτ0, τ1 + df, e
fτ2, e
2fτ3). Putting τ˜ in to formula (4.24) a simple calcu-
lation verifies that with k1 = 4, k2 = −5 the generalized Ricci tensor merely rescales. 
Remark 4.6. The subscript 27 at the end of equation (4.24) refers to the image under the projec-
tion p327. It is rather pleasing to note that all possible contributions are present in the formula.
Since there is a two parameter family of generalized Ricci tensors and a two parameter family of
contributions from τ3 ⊗ τ3 it is not surprising that contributions from the chosen representatives
A and B vanish for certain values k. That those are precisely (1, 0) and (0, 1) appears to be pure
coincidence.
As noted in [9], a generic G2 structure has a two-parameter family of ‘canonical’ G2 connections
∇(s,t). The generalized Ricci-curvature defined above should therefore have an interpretation as
the symmetric part of the contraction cg(R
∇
(s,t)
) of the curvature R∇
(s,t)
of ∇(s,t). One clearly
obtains different formulas for the Ricci-curvatures by expressing the exterior derivatives of the
torsion components in terms of d∇
(s,t)
instead. We do this below for ∇.
Obtaining formulas for curvature components in the manner described above is also possible for
other geometries. In the case of SU(3)-structures this has been done for the Ricci curvature in [3].
A rather long but straightforward computation on test elements shows that
d∗(τ1 ∧ ∗φ) = d
∇∗(τ1 ∧ ∗φ) +
1
2 ∗(τ0τ1 ∧ φ) +
8
3 τ1 ∧ ∗(τ1 ∧ ∗φ)− 2 |τ1|
2
φ
+ 13τ1 ∧ τ2 +
4
3 (τ1 ∧ τ2)7 +
2
3 ∗(τ1 ∧ τ3)−
4
3 ∗(τ1 ∧ τ3)7,
(4.26) dτ2 = d
∇τ2 +
2
3τ1 ∧ τ2 +
8
3 (τ1 ∧ τ2)7 +
1
6 ∗(τ2 ∧ τ2) +
1
6 |τ2|
2
φ
− 16 [τ2 ⊙ τ3] +
1
6 ∗((τ2 y τ3) ∧ φ),
dτ3 = d
∇τ3 −
1
6 ∗(τ0τ3) + τ1 ∧ τ3 −
8
3 ∗(∗(τ1 ∧ τ3)7)−
1
6 (τ2 y τ3) ∧ φ
− 16 ∗[τ
2
3 ]
A − 16 ∗[τ
2
3 ]
B + 16 |τ3|
2
∗φ.
It is somewhat remarkable that there is no summand [τ2⊙τ3] in the last expression. More surprises
are in store when these expression are inserted in formula (4.24). First, for β ∈ Λ3V ∗ define
[β2]C := [β2]A − 2[β2]B.
Then Lemma 4.4 is reformulated as
Lemma 4.7. Let (M,φ) be a G2 manifold. Then
(4.27) λ3
(
Rick0
)
=
(
−(5k1 + 4k2)d
∇∗(τ1 ∧ ∗φ)−
2
3 (5k1 + 4k2)τ1 ∧ ∗(τ1 ∧ ∗φ)
− (k1 − 4k2)d
∇τ2 +
1
3 (k1 + 5k2)∗(τ2 ∧ τ2) + (k1 + 4k2)∗d
∇τ3 −
1
6 (k1 − 2k2)[τ
2
3 ]
C
− 23 (k1 − 2k2)τ0τ3 −
4
3 (k1 + 2k2)τ1 ∧ τ2 +
2
3 (k1 − 4k2)∗(τ1 ∧ τ3) +
1
6 (k1 + 8k2)[τ2 ⊙ τ3]
)
27
.
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Tensor Ricg0 Ric
W Ricφ
∇ξ7 X X
∇ξ14 X X X
∇ξ27 X X X
ξ7 ⊗ ξ7 X X
ξ14 ⊗ ξ14 X X X
(ξ27 ⊗ ξ27)
C X X X
ξ1 ⊙ ξ27 X X X
ξ7 ⊙ ξ14 X X X
ξ7 ⊙ ξ27 X X X
ξ14 ⊙ ξ27 X X
Table 1. G2-irreducible components of tensors contributing to Ricci curvatures.
Corollary 4.8. The components of the covariant derivative ∇ξ and the symmetric products ξd⊙ξd′
contribute to the traceless symmetric tensors Ricg,Ricφ and RicW according to Table 1.
Remark 4.9. Note that only one combination of a two parameter family of possible contributions
from τ3 ⊗ τ3 is realized.
A classification of G2 structures with τ1 = τ2 = 0 for which the torsion is parallel with respect
to the unique G2 characteristic connection determined by having three-form torsion: T (X,Y )Z =
−T (X,Z)Y was pursued in [19]. One corollary of this is that structures with torsion τ = τ3, parallel
with respect to the characteristic connection are never Einstein, at least when the stabilizer of the
torsion is not Abelian.
Note that when d∇τ3 = 0 the Einstein equation for a G2 structure of type 1 + 3 reduces to a
quadratic equation [τ23 ]
C+4τ0τ3 = 0 for a torsion tensor τ = (τ0, τ3). Moreover, if such a structure
is Einstein then it is generalized Einstein for any value of k = (k1, k2). It is very likely that this
system has non-trivial solutions.
Now we can state one of our main results.
Theorem 4.10. Let (M,φ) be a G2 manifold with associated metric g. Then the space of algebraic
curvature tensors has the orthogonal splitting:
K = W77 +W64 +W27 + R0 + S,
where the space of algebraic Weyl curvatures is W = W77 + W64 +W27. In terms of the scalar
curvature, Ricci curvature and φ-Ricci curvature the orthogonal projections to these subspaces are
S = 184sgrg(g),
R0 =
1
5rg(Ric
g
0),
W27 =
3
112 (rg − 5rφ)(Ric
W),
W64 = P
⊙(W −W27),
W77 = P
g2(W −W27).
(4.28)
The three G2 invariant components of the Weyl curvature are conformal invariants of the associated
metric.
In particular, W27 = 0 exactly when Ric
W = 0 and the norm of the Riemannian curvature
satisfies the equality
‖Rg‖
2
= ‖W77‖
2
+ ‖W64‖
2
+ 1528‖Ric
W‖2 + 45 ‖Ric
g
0‖
2
+ 121s
2
g.
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Tensor
Components in K
Other components
V 77(0,2) V
64
(1,1) V
27
(2,0) V
1
(0,0)
∇ξ1 V
7
∇ξ7 X X V
7, V 14
∇ξ14 X X V
7
∇ξ27 X X V
7, V 14, V 77(3,0)
ξ1 ⊗ ξ1 X
ξ7 ⊗ ξ7 X X
ξ14 ⊗ ξ14 X X X
ξ27 ⊗ ξ27 X X 2×X X V
182
(4,0)
ξ1 ⊙ ξ7 V
7
ξ1 ⊙ ξ14 V
14
ξ1 ⊙ ξ27 X
ξ7 ⊙ ξ14 X X V
7
ξ7 ⊙ ξ27 X X V
7, V 14, V 77(3,0)
ξ14 ⊙ ξ27 X X V
7, V 14, V 189(2,1), V
77
(3,0)
R X X 2×X X V 7, V 14, V 77(3,0)
Table 2. G2-irreducible components of tensors contributing to curvature.
Proof. The first statement (which may also be found in [9]) is clear. Write the Riemannian curva-
ture as
Rg = W77 +W64 + (rg(h1)− 5rφ(h1)) + rg(h2) +Krg(g),
where h1 and h2 are traceless symmetric two-tensors, and apply the contractions c
g and cφ to
obtain the first three equations in (4.28). The last two relations in (4.28) follow from the decom-
positions (4.19). The expression for the norm of the Riemannian curvature is now a matter of
using the following relations
‖rg(h)‖
2
= 20 ‖h‖
2
, ‖rφ(h)‖
2
= 923 ‖h‖
2
, 〈rφ(h), rg(h)〉 = 4 ‖h‖
2
,
valid for any traceless symmetric two-tensor h, while ‖rg(g)‖
2
= 336.
The conformal invariance of the three componentsW77,W64 andW27 follows from the conformal
invariance of W and invariance of orthogonal projection under rescaling of an inner product. 
Remark 4.11. Note that the components of ∇ξ and ξ ⊙ ξ given in the right-most column of
Table 2 correspond to the second order diffeomorphism invariants of (M,φ) not captured by the
Riemannian curvature, see [9]. Another interesting point made in [9] (and in [31] for almost
Hermitian structures) is that the first order identities for the torsion that derive from d2φ = 0 =
d2∗φ are encoded in a subspace isomorphic to 2V7+V14. For G2 these relations between invariants
necessarily take their values in the complement of the space of algebraic curvature tensors inside
the much larger space of diffeomorphism invariant polynomials in the derivatives of φ up to order
two. Andrew Swann has pointed out to us that these first order constraints on the torsion can
be seen as coming from the fact that the cokernel of the restriction b: Λ2V ∗ ⊗ g2 → Λ
3V ∗ ⊗ V is
isomorphic to precisely 2V7 +V14, and that the restriction b: Λ
2V ∗⊗ g⊥2 → Λ
3V ∗⊗ V is injective.
For the examples in section 5 and 6 applying these principles show that all (polynomial) diffeo-
morphism invariants up to order 2 are determined by the components of the Riemannian curvature
tensor, a single one-form (which may be taken to be dτ0) and tensors, polynomial up to degree
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two in the torsion components. This appears to be a distinguishing feature of the wider class of
G2-structures of type.
We thank Robert Bryant for bringing the importance of the full space of second order diffeo-
morphism invariants of a G2 structure to our attention.
5. Curvature of G2 structures of type 1 + 4
Although the results of this section are well known, we take this class G2-structures as a first
example to demonstrate how the results of the previous sections can be used. The inspection of
the structure equations (3.14) with τ2 = τ3 = 0 yields: dτ1 = 0, dτ0+ τ0τ1 = 0. An easy argument
now shows that either τ0 ≡ 0 and τ1 is closed, or τ0 is never zero and τ1 exact: τ1 = −d ln(τ0).
Therefore the class 1+4 of G2-structures consists in G2 structures φ locally conformally equivalent
to a parallel structure and in those globally conformally equivalent to a nearly parallel structure,
see [11] for details. From the entries in Table 2 and Proposition 4.1 it is clear that the Riemannian
curvature of any such structure has W64 = 0. The formulas of either of the Lemmas 4.4 and 4.7
show that RicW = 0 and so W27 = 0 for type 1 + 4 structures. The two remaining curvature
components in K(g2)
⊥ are determined by the torsion components as follows.
sg =
21
8 τ
2
0 + 12δτ1 + 30 |τ1|
2
λ3 (Ric
g
0) =
(
−5d∇∗(τ1 ∧ ∗φ)−
10
3 τ1 ∧ ∗(τ1 ∧ ∗φ)
)
27
.
Nearly parallel G2 structures. In particular, it is also clear that when τ1 = 0 the associated
Riemannian metric is Einstein with positive scalar curvature. This is a well known fact of nearly
parallel (type 1) or weak holonomy G2 manifolds, see [23]. The form of the curvature for a nearly
parallel G2 structure was given as follows in [33, 10]
Lemma 5.1. The Riemannian curvature tensor of the metric associated to a nearly parallel G2
structure has the form Rg =W + 132τ
2
0 rg(g), where W ∈W77.
Locally conformally parallel G2 structures. When on the other hand τ0 = 0 one has a type
4 structure. Ricci and scalar curvature in this case are non-trivial, in general. Compact manifolds
with G2 structure locally conformal to a parallel G2 structure were described in [25, 36].
Curvature of parallel G2 structures. When dφ = 0 = d∗φ, the only non-trivial component of
the Riemannian curvature is precisely W77, see [1].
Remark 5.2. An immediate consequence of the discussion above is that all G2 structures in the
torsion class 1+4 are generalized Einstein for k = (4,−5). Nearly parallel and parallelG2 structures
are generalized Einstein for all values of k. These examples show how certain restrictions on the
torsion gives restrictions in the form of the curvature. As we shall see in section 8 drawing
conclusions the other way around is not feasible. Even when the form of the curvature is that
of a parallel G2 manifold, i.e., R
g = W77, the only constraint on the torsion type is that of
scalar-flatness.
6. Curvature of closed G2 structures
A closed G2 structure is by definition given by a closed G2 three-form φ. Let us first examine
the consequences of the structure equations (3.14) in this case. When dφ = 0 the torsion τ has
only one component τ = τ2:
(6.29) d∗φ = τ ∧ φ,
whence δgφ = τ = ξ¯. This is equivalent to the equation ∧3(ξ) = 0 for the intrinsic torsion ξ viewed
as a tensor in Λ2V ∗ ⊗ V ∗. This is just the identity
(6.30) ξijk + ξjki + ξkij = 0,
for components of ξ in an orthonormal frame. Differentiating and applying the Hodge star operator
to the structure equation (6.29) yields
(6.31) dτ ∧ φ = 0, and δgτ = 0.
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The first equation is equivalent to (dτ)7 = 0 while the second may be interpreted as ∇
gτ having
no component in the 7 dimensional irreducible SO(7)-submodule of V ∗⊗Λ2V ∗. Using Table 2 and
Lemma 2.1 either of the equations (6.31) is equivalent to the following Lemma.
Lemma 6.1. Suppose dφ = 0. Then ∇τ ∈ V64 + V27 ⊂ V
∗ ⊗ Λ214. 
Equation (4.26) becomes
(6.32) d∇τ = dτ − 16 ∗(τ ∧ τ)−
1
6 |τ |
2
φ,
after rearranging. Lemma 6.1 shows that d∇τ ∈ Λ327. This furnishes the observation:
(6.33) 13 ∗d(τ
3) = 〈dτ, ∗(τ ∧ τ)〉 = 〈d∇τ , ∗(τ ∧ τ)27〉.
The importance of this innocent looking set of relations is that the left-hand side clearly integrates
to zero on a compact manifold M . We will use this in several places below.
6.1. The Ricci curvature of a closed G2 structure. Some of the next results have appeared in
slightly different form and for the special case of k = (1, 0) in [9] and [12]. The main difference here
concerns the interpretation of the results in terms of the components of the covariant derivative
∇τ .
When the G2 three-form is closed the formula for the generalized Ricci curvature (4.27) may be
written
λ3
(
Rick0
)
= −(k1 − 4k2)d
∇τ + 13 (k1 + 5k2)∗(τ ∧ τ)27.(6.34)
This leads to
(6.35) ‖Rick0‖
2 = 12 (k1 − 4k2)
2|d∇τ |2 + 121 (k1 + 5k2)
2 |τ |
4
− 13 (k1 + 5k2)(k1 − 4k2)〈d
∇τ , ∗(τ ∧ τ)27〉.
Here we have used equation (2.5) and the following relations, valid for any two-form τ ∈ Λ214,
see [9]
∗(τ ∧ τ ∧ φ) = − |τ |
2
, |τ ∧ τ |
2
= |τ |
4
and |(τ ∧ τ)27|
2
= 67 |τ |
4
.
All these may be verified by observing that, since the trivial representation occurs in the symmetric
powers S2Λ214 and S
4Λ214 with multiplicity one, the left- and right-hand side of the equations must
be proportional. The constant of proportionality is then found by evaluating on a sample element.
Alternatively, the last equation follows from the first two by projecting (τ ∧τ)27 = τ ∧τ +
1
7 |τ |
2
∗φ
and taking norms.
Recall the scalar curvature of the metric associated to a closed G2 structure is sg = −
1
2 |τ |
2
.
Integrate (6.35) over the compact manifold to get with the help of (6.33)
Proposition 6.2. Suppose (M,φ) is a compact G2 manifold with dφ = 0. Then
(6.36)
∫
M
‖Rick0‖
2dVg >
4
21 (k1 + 5k2)
2
∫
M
s2gdVg,
where equality holds if and only if k1 = 4k2 or d
∇τ = 0. In particular, if any one of Ricg0, Ric
φ
0 or
RicW is zero then τ = 0.
This includes the inequality established in [9] for k = (1, 0). Bryant studied equality in (6.36)
for k = (1, 0) and referred to the case, as that of an extremally pinched Ricci curvature. Such
structures are characterized by
‖Rick0‖
2 = 421s
2
g,
which, in view of Proposition 6.2 is equivalent to the condition d∇τ = 0. Bryant showed that the
scalar curvature is constant if the manifold is compact and gave a homogeneous compact example.
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Closely related statements are obtained by applying the Cauchy-Schwartz inequality to the last
summand of equation (6.35). Here M is not required to be compact.
Corollary 6.3. Suppose M is a manifold equipped with a closed G2 structure φ with torsion τ .
Let k1, k2 be real numbers and set K1 := |k1 − 4k2| , K2 := |k1 + 5k2|. Then the inequality
(6.37) 12
(
K1|d
∇τ | −
√
2
21K2 |τ |
2)2
6 ‖Rick0‖
2 6 12
(
K1|d
∇τ |+
√
2
21K2 |τ |
2)2
holds everywhere in M . If, in particular, d∇τ = 0 then ‖Rick0‖
2 = 421 (k1 + 5k2)
2s2g 
Remark 6.4. Note that equation (6.34) and integration of (6.35) over a compact G2 manifold has
an additional consequence: a compact M with closed fundamental form is generalized Einstein for
k = (k1, k2) if and only if it is either parallel (in which case it is generalized Einstein for all k) or
k1 + 5k2 = 0 and φ has extremally pinched Ricci curvature. This result is implicitly contained in
the discussion of Remark 14 in [9].
6.2. The curvature component W64. Let S : so(n) ⊗ so(n) → so(n) ⊗ so(n) be defined by
S(α⊗ β) = β ⊗ α.
Lemma 6.5. Suppose φ is a closed G2 three-form with associated metric g. Let τ be the torsion
of φ and write ∇τ64 and ∇τ27 for the respective components of ∇τ in the 64 and 7 dimensional
subspaces of V ∗ ⊗ Λ214. Then the component W64 of the Riemannian curvature R
g satisfies
W64 = S((∇ξ)64) + (∇ξ)64 = S(R64) + R64.
Furthermore, ‖W64‖
2
= 13‖∇τ64‖
2.
Proof. Note thatW64 ∈ S
2(so(7)) so S(W64) =W64. Since ξ⊗ξ lies in a submodule of S
2(V ∗⊗g⊥2 )
isomorphic to S2(g2), the tensor (ξ
2) does not contribute to W64 and so W64 = R64 + (∇ξ)64 =
S(R64 + (∇ξ)64). However, R64 ∈ g
⊥
2 ⊗ g2 while (∇ξ)64 ∈ g2⊗ g
⊥
2 , so
g⊥2 ⊗ g2 ∋ R64 − S((∇ξ)64) = (∇ξ)64 − S(R64) ∈ g2⊗ g
⊥
2 .
Therefore R64 = S((∇ξ)64) and W64 = S((∇ξ)64) + (∇ξ)64 = S(R64) + R64.
Let ei be a local orthonormal frame. Using equation (3.15) and (3.17) we get
(∇ξ)ijkl = ∇iξjkl −∇jξikl =
1
6
(
∇iτjp −∇jτip)φpkl,=
1
6
(
(d∇τ)ijp −∇pτij)φpkl
= 16
(
(d∇τ)ijp − (∇τ27)pij − (∇τ64)pij)φpkl.
Here we make explicit use of the principle given by equation (3.12). Since d∇τ ∈ Λ327 by Lemma 6.1,
projection gives (∇ξ64)ijkl = −
1
6 (∇τ64)pijφpkl. Take the tensor norm and use equation (2.6) to get
‖(∇ξ64)‖
2 = 136 (∇τ64)pijφpkl(∇τ64)qijφqkl,=
1
6 (∇τ64)pij(∇τ64)pij ,=
1
6‖∇τ64‖
2.
The final equation of the Lemma follows from this. 
6.3. Closed fundamental three-forms with parallel torsion. We briefly describe the only
known example of a G2 structure with closed fundamental form and extremally pinched Ricci
curvature on a compact manifold, due to Robert Bryant [9]. Let G be the space of affine transfor-
mations of C2 preserving the canonical complex volume form. Then SU(2) is a subgroup in G and
M = G/ SU(2) is a 7-dimensional homogeneous space, diffeomorphic to R7. It admits an invariant
closed G2 structure φ with extremally pinched Ricci curvature, as well as a free and properly dis-
continuous action of a discrete subgroup Γ ⊂ G for which φ is invariant. So φ descends to a closed
G2 structure φ˜ with extremally pinched Ricci curvature on the compact quotient M˜ := Γ \M .
Andrew Swann made us aware of the following alternative description of Bryant’s example. Note
that SL(2,C) = SU(2). Sol3 where Sol3 is the space of complex upper triangular 2 × 2 matrices(
et z
0 e−t
)
, with t real and z a complex number (by Iwasawa decomposition, or simply applying the
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Gram-Schmidt process to the column vectors of SL(2,C)). This gives the alternative description of
M as the Lie group Sol3⋊C
2. Taking any basis of left-invariant one-forms e = (ei) on M thought
of as a Lie group gives a G2 three-form φ by requiring that e is a G2 adapted frame field and hence
multitude of left-invariant G2 structures on M . Below we shall show that up to isometries there
is only one closed three-form with extremally pinched Ricci curvature among the many invariant
three-forms M bears.
Even better, we can show that any manifoldM ′ with closedG2 structure φ
′ such that the torsion
τ is parallel with respect to ∇, is locally isometric to (M,φ). Lemma 6.1 and Proposition 6.5 give
Lemma 6.6. A closed G2 form φ has extremally pinched Ricci curvature if and only if its torsion
τ satisfies (∇τ)27 = 0. The torsion of a closed G2 form φ is ∇-parallel if and only if φ has
extremally pinched Ricci curvature and the component W64 of the Riemannian curvature is zero.
Proof of Theorem 1.2a. If ∇τ = 0 then (M,φ) has extremally pinched Ricci curvature and the
norm of the torsion is constant. From this it follows that τ has constant rank 4, see Remark 13
of [9]. The stabilizer algebra of τ in g2 is then isomorphic to u(2) and the holonomy algebra of ∇
accordingly reduces to a u(2) in g2. There are two such, distinguished as follows. The subalgebras
of g2 of dimension 4 are both contained in the maximal so(4) and both isomorphic to u(2). The
action of so(4) ⊂ g2 on R
7 may be written in terms of the standard representations V+, V− of
so(4) = su+(2) + su−(2) as R
7 = S2V+ + V+ ⊗ V− (modulo complexifications). Take a basis
e1, e2, e3, e4 of V+⊗V− ∼= R
4 and e5, e6, e7 of S
2V+. Note that under the action of so(4) the space
of two-forms decomposes as
Λ2 = 2S2V+ + (S
3V+ + V+)⊗ V− + S
2V−, whence Λ
2
14 = S
2V+ + S
2V− + S
3V+ ⊗ V−.
Explicit bases of the subspaces S2V± are h := e
12 + e34 − 2e56, x := e13 + e42 − 2e67, y := −(e14 +
e23−2e57) for S2V+ and t := e
12−e34 and so on for S2V−. Note that elements of S
2V+ always have
rank 6. Therefore the stabilizer of a rank 4 element of g2 is the algebra u+(2) = R− + su+(2) ⊂
so(4) ⊂ g2. This acts on R
7 by S2V+ + (L + L¯)V+ and on Λ
2 by
2S2V+ + (L
2 + R+ L¯2) + (L+ L¯)(S3V+ + V+).
Here L is the standard complex representation of R = u(1) on C. The Lie algebra u+(2) has two
non-trivial ideals isomorphic to u(1) and su(2). The induced representations on R7 are R3⊕2(L+L¯)
and S2V+ +2V+, respectively. Neither is an irreducible holonomy representation and so K(u+(2))
is trivial, see [14] for further details. By assumption ∇ξ = 0 and so 4.1 may be applied to conclude
that M with its induced metric g is locally isometric to some homogenous space.
Which homogeneous space may be determined by the Nomizu construction, see [32]. Given ξ
and R a Lie bracket is constructed on g := u+(2)⊕R
7 by setting [A+x,B+y] := ([A,B]−Rx,y)+
(Ay−Bx−ξxy+ξyx). Now the universal covering space ofM is the homogeneous space G/H where
G is the connected and simply connected Lie group with Lie algebra g and H is the connected
subgroup of G with algebra u+(2). Note that H is closed in G by virtue of the completeness of g.
The induced action of H on R7 is as the stabilizer group of the pair (φ, τ), whence H ∼= U(2) ⊂ G2.
To calculate G we fix τ := 6t. The elements t, h, x, y ∈ g2
∼= Λ214 defined above can then be taken
as generators for u+(2). The intrinsic torsion ξ is obtained through (3.16). The curvature operator
R is calculated by noting that Rg = R+ (ξ2) (c.f. (4.18)) must satisfy the Bianchi identity whence
bR = −b((ξ2)) . Explicitly, the two subspaces of Λ2 isomorphic to S2V+ are generated by
a1 = e
56, b1 = e
67, c1 = e
75, and a2 = e
12 + e34, b2 = e
13 + e42, c2 = −(e
14 + e23).
By u+(2) invariance of R it then follows that constants A,B and C exist such that
(6.38) R = At ⊗ t + B(a1 ⊗ h + b1 ⊗ x + c1 ⊗ y) + C(a2 ⊗ h + b2 ⊗ x + c2 ⊗ y).
On the other hand, using (6.30) several times gives b((ξ2))ijkl = ξpijξlkp + ξpjkξlip + ξpkiξljp.
Therefore b(R)ijkl = −(ξpijξlkp + ξpjkξlip + ξpkiξljp). Evaluating left- and right- hand side now
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gives b(R)1234 = −A + 3C = 0, b(R)1256 = −2C = 0, b(R)5612 = B = −2, whence R =
−2(a2 ⊗ h+ b2 ⊗ x + c2 ⊗ y). As a map so(7)→ u+(2) the range of R is then su+(2). Note that
this allows to replace u+(2) by su+(2) in the construction of g. It is now a trivial exercise to write
down the Lie brackets on su+(2) + R
7 and verify that, indeed, g ∼= sl(2,C)⋊C2. 
Remark 6.7. Many examples of homogeneous spaces (with compact quotients) admitting invariant
closed G2-structures are known, see [16, 17]. Generically these do not admit a closed three-form
with extremally pinched Ricci curvature, by Theorem 1.2. Due to (6.32) in fact, the condition of
having extremally pinched Ricci curvature may be seen as a non-degeneracy requirement on the
derivative dτ , which is, again generally speaking, not satisfied on examples built from nilpotent
and solvable Lie algebras.
The space G/ SU(2) with its invariant closed three-form with extremally pinched Ricci curvature
may be described in several different ways as we have already seen. A very concrete way is provided
by the rank one solvable extension of the complex Heisenberg group given by the structure equations
de1 = −e17 − 2(e36 + e45), de2 = −e27 − 2(e35 + e64),
de3 = e37, de4 = e47, de5 = −2e57, de6 = −2e67, de7 = 0.
Here the closed φ with extremally pinched Ricci curvature may taken to be the left-invariant
three-form given by equation (2.2).
7. Topology of closed G2 structures. Proof of Theorem 1.2b and Theorem 1.1b
Closed G2 structures are distinguished also by certain naturally associated topological data.
Theorem 7.1. Suppose M is a compact 7 dimensional manifold with a closed fundamental three-
form φ. Then
(7.39) 〈p1(M) ∪ [φ], [M ]〉 = −
1
8π2
∫
M
{
‖W77‖
2 − 12 ‖W64‖
2 − 97 ‖Ric
g
0‖
2
+ 45282 s
2
g
}
dVg,
where p1(M) is the first Pontrjagin class of M .
This generalizes Proposition 10.2.7. of [26].
Proof. We shall be working in a local orthonormal frame ei. First, equations (2.6) and (6.30) yield
Rgijab = Rijab +
1
6 (∇iτjp −∇jτip)φpab +
1
36 τpqτprφqijφrab +
1
36 (τiaτjb − τibτja)−
1
18τipτjqφpqab.
This relates the Riemannian curvature Rg of the metric g associated to φ with the curvature R
of the canonical connection ∇ of φ with torsion expressed in terms of τ rather than the intrinsic
torsion ξ. Note that from Chern-Weil theory p1(M) may be represented by the 4-form
1
8pi2 tr(R
g ∧ Rg) = 116pi2R
g
ijabR
g
klabe
ijkl.
Now
8π2 〈p1(M) ∪ [φ], [M ]〉 =
∫
M
tr(Rg ∧ Rg) ∧ φ =
∫
M
〈tr(Rg ∧ Rg), ∗φ〉 dVg,
= 12
∫
M
RgabijR
g
cdijφabcddVg = −
∫
M
‖Rg‖
2
dVg +
1
2
∫
M
(Rgijabφabt)(R
g
ijcdφcdt)dVg .
The contraction Rgijabφabt gives
Rgijabφabt =
1
6 (∇iτjp −∇jτip)φpabφabt +
1
36τpqτprφqijφrabφabt
+ 136 (τiaτjb − τibτja)φabt −
1
18τipτjqφpqabφabt
= ∇iτjt −∇jτit +
1
6τpqτptφqij −
1
6τipτjqφpqt.
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where the identities (2.6)- (2.10) are applied. By definition ∧3(∇τ) =: d
∇τ so
(7.40) Rgijabφabt =
(
(d∇τ)ijt −∇tτij
)
+ 16 (τpqτptφqij − τipτjqφpqt)
The evaluation of the integrand (Rgijabφabt)(R
g
ijcdφcdt) is now reduced to evaluating 9 different
contractions. Some of these are easy, for instance
[(d∇τ)ijt −∇tτij ][(d
∇τ)ijt −∇tτij ] = 2|d
∇τ |2 + ‖∇τ‖2,
τpqτptφqijτrsτrtφsij = 6τpqτptτrqτrt = 6 |τ |
4
.
The last equality is obtained by the standard method: observe that the right hand side is a fourth
order homogeneous G2 invariant polynomial in τ ∈ Λ
2
14. So up to scale it must equal |τ |
4
. The
constant of proportionality is found by evaluating on a test element. In the same way one obtains
τipτjqφpqtτirτjsφrst = 3 |τ |
4 and τpqτptφqijτirτjsφrst = 0. To evaluate the remaining terms first
note that
(∗(τ ∧ τ) + |τ |2 φ)ijt = τpq(τptφqij + τpiφqjt + τpjφqti)
= 2(τipτjqφpqt + τjpτtqφpqi + τtpτiqφpqj).
Lemma 6.1 and relation (6.33) then imply that (d∇τ)ijtτpqτptφqij =
2
3 ∗d(τ
3), and (d∇τ)ijtτipτjqφpqt =
1
3 ∗d(τ
3). The contraction∇kτijφijl is zero for all k and l as ∇τ ∈ V
∗⊗Λ214. So ∇tτijτpqτptφqij = 0.
Using this identity and ∧3(ξ) = 0 repeatedly, gives
∇tτijτipτjqφpqt = −∇tτijτip(τpqφtqj + τtqφjqp) = ∇tτijτpqτpiφqjt +∇tτijτtq(τjpφqip + τqpφijp)
= ∇tτijτpqτpiφqjt −∇tτijτjp(τiqφqpt + τpqφqti)
= ∇tτijτpq(τpiφqjt + τpjφqti + τptφqij) +∇tτijτipτjqφpqt.
Thus, ∇tτijτipτjqφpqt =
1
3 ∗d(τ
3). The net result is
(Rgijabφabt)(R
g
ijcdφcdt) = 2|d
∇τ |2 + ‖∇τ‖2 + 14 |τ |
4
+ 29 ∗d(τ
3).
Using equation (6.35) with k = (1, 0) and Lemmas 2.1 and 6.5, this may be reformulated as
(7.41) (Rgijabφabt)(R
g
ijcdφcdt) = 3 ‖W64‖
2
+ 407 ‖Ric
g
0‖
2 − 13147s
2
g +
34
63 ∗d(τ
3).
Take k = (1, 0) and k = (4,−5) in (6.35) and make a simple substitution using (6.33). Now apply
Stokes’ Theorem to the obtained equalities. This gives∫
M
(
36 ‖Ricg0‖
2
− 25‖RicW‖2 − 4528s
2
g
)
dVg = 0.(7.42)
Integrating (7.41), applying Theorem 4.10 and (7.42) we finally obtain (7.39). 
Proposition 7.2. Suppose M is a compact 7-dimensional manifold equipped with a closed G2
structure φ. Then
(a)
〈p1(M) ∪ [φ], [M ]〉 > −
1
8π2
∫
M
{
‖W77‖
2
− 12 ‖W64‖
2
− 316s
2
g
}
dVg .
Equality holds if and only if φ has extremally pinched Ricci curvature.
(b)
〈p1(M) ∪ [φ], [M ]〉 > −
1
8π2
∫
M
{
‖W77‖
2
− 316s
2
g
}
dVg.
Equality holds if and only if ∇τ = 0.
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(c)
〈p1(M) ∪ [φ], [M ]〉 > −
1
8π2
∫
M
‖W77‖
2 dVg,
where equality holds if and only if τ = 0.
Proof. Using (6.35) in formula (7.39) gives
〈p1(M) ∪ [φ], [M ]〉 = −
1
8π2
∫
M
{
‖W77‖
2
− 12‖W64‖
2 − 914 |d
∇τ |2 − 316s
2
g
}
dVg.
This gives the first statement. The second follows by Lemma 6.5. The third is now a consequence
of the scalar curvature formula (4.25) for a closed G2 structure. 
Proposition 7.3. Suppose M is compact, equipped with a closed G2 three-form φ. Suppose fur-
thermore that the component W77 of the Riemannian curvature is zero. Then
〈p1(M) ∪ [φ], [M ]〉 > 0
and equality holds if and only if φ is parallel and the associated metric is flat.
If, furthermore, the cohomology class [φ] contains a parallel G2 three-form φ
′ then equality is
attained and φ = φ′.
Proof. When W77 = 0, Proposition 7.2 c gives 〈p1(M) ∪ [φ], [M ]〉 > 0 with equality if and only if
τ = 0. If τ = 0 then W64 = 0 = W27 and Ric
g = 0 (see section 5). This gives the first statement
of the Corollary.
Suppose now that φ is closed with W77 = 0 and that a parallel G2 three-form φ
′ exists in [φ].
Then 0 > 〈p1(M) ∪ [φ
′], [M ]〉 = 〈p1(M) ∪ [φ], [M ]〉 > 0. Therefore the torsion of φ is zero and
φ = φ′. 
In particular, suppose φ is a closed G2 structure on a compact manifold M . If β is a two-form
on M that is not closed such that φ˜ = φ+ dβ is a G2 three-form then the metric g˜ associated to
φ˜ has W g˜77 6= 0. This is independent of the value of W77 for φ.
7.1. Proofs of main theorems.
Proof of Theorem 1.2b. The stated result is now an easy consequence of Theorem 1.2a and Corol-
lary 
Proof of Theorem 1.1. Suppose W27 = 0. Then Theorem 4.10 and Proposition 6.2 yield φ is
parallel. This gives the first statement of Theorem 1.1. The second statement is a consequence of
the following two Lemmas.
Lemma 7.4 (Integral Weitzenbo¨ck Formula for τ). Let τ be the torsion of a closed G2 structure
φ on a compact manifold M . Then
(7.43)
∫
M
4Rg(τ, τ)dVg =
∫
M
(2|d∇τ |2 − ‖∇τ‖2 + 16 |τ |
4
)dVg .
Proof. This may also be found in [12]. However, as conventions are different we give an outline.
Take the covariant derivative of the one-form Θ with components Rgijklφpijτkl (expressed in terms of
a local orthonormal frame) with respect to the Levi-Civita connection and contract with the metric.
The result is clearly a divergence and so, by Stokes’ Theorem integrates to zero on the compactM .
But we also have δgΘ = −(∇gpR
g
ijkl)φpijτkl−R
g
ijkl∇
g
pφpijτkl−R
g
ijklφpij∇
g
pτkl. Writing δ
gφ = τ
and applying the second Bianchi identity to the factor ∇gpR
g
ijklφpij gives δ
gΘ = Rgijklτijτkl −
Rgijklφpij∇
g
pτkl. The proof is finished by expressing ∇
gτ as a covariant derivative with respect to
the canonical connection and then using the identities needed to prove equation (7.39). 
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The integrand Rg(τ, τ) may be evaluated using Theorem 4.10, while the norms of the derivatives
and τ may be expressed in terms of curvature components using formula (6.35) and Lemma 6.5.
This gives
Lemma 7.5. Let (M,φ) be a compact G2 manifold M with closed G2 structure φ and torsion τ .
Then the following integral identity holds∫
M
(4W77(τ, τ) + 3 ‖W64‖
2)dVg =
∫
M
(
16
7 ‖Ric
g
0‖
2 + 127196s
2
g
)
dVg.
Proof. A computation in an orthogonal frame shows that rg(h)(τ, τ) = −hpqτprτqr, rg(g)(τ, τ) =
−2 |τ |
2
= 4sg and rφ(h) = −
2
3hpqτprτqr +
1
3 trg(h) |τ |
2
for any symmetric two-tensor h. This gives
(7.44) 4Rg(τ, τ) = 4W77(τ, τ)−
1
4
(
Ric
(3,1/4)
0 )pqτprτqr +
4
21s
2
g.
The contraction τprτqr gives the components of the tensor τ⊗gτ := (eryτ)⊗(eryτ) =
1
2τprτqre
p⊙eq.
It is easy to check that λ3(τ ⊗g τ) = ∗(τ ∧ τ) + |τ |
2
φ, and λ3
(
Ric
(3,1/4)
0
)
= −2d∇τ + 1712 ∗(τ ∧ τ)27
follows from (6.34). Relating inner products of two-tensors and three-forms via (2.5) and using
equation (6.33) gives(
Ric
(3,1/4)
0 )pqτprτqr =
1
2
〈
−2d∇τ + 1712 ∗(τ ∧ τ)27, ∗(τ ∧ τ)27
〉
= − 13 ∗d(τ
3)− 177 s
2
g,(7.45)
whence 4Rg(τ, τ) = 4W77(τ, τ) −
5
12s
2
g +
1
12 ∗d(τ
3), and clearly
(7.46)
∫
M
4Rg(τ, τ)dVg =
∫
M
(4W77(τ, τ)−
5
12s
2
g)dVg .
On the other hand,
2|d∇τ |2 − ‖∇τ‖2 + 16 |τ |
4
= −‖(∇τ)64‖
2 + (2 − 67 )
(
2‖Ricg0‖
2 − 821s
2
g +
2
9 ∗d(τ
3)
)
+ 23s
2
g
= −3 ‖W64‖
2 + 167 ‖Ric
g
0‖
2 + 2·173·49s
2
g +
16
63d(τ
3).
This gives an alternative expression for the Weitzenbo¨ck formula∫
M
4Rg(τ, τ) =
∫
M
(−3 ‖W64‖
2
+ 167 ‖Ric
g
0‖
2 + 2·173·49s
2
g).
We compare this to equation (7.46) and rearrange to get∫
M
(4W77(τ, τ) + 3 ‖W64‖
2
)dVg =
∫
M
(
16
7 ‖Ric
g
0‖
2 + 127196s
2
g
)
dVg.

Eventually, supposeW77 = W64 = 0 and apply Lemma 7.5 to complete the proof of Theorem 1.1.

Corollary 7.6. Let M be a compact G2 manifold with closed G2 structure φ and torsion τ . Then∫
M
rg(Ric
g)(τ, τ)dVg = 0.
Proof. A computation similar to (7.45) of the proof of Lemma 7.5 shows that 14rg(Ric
g)(τ, τ) =
Ricgpqτprτqr = −
1
6 ∗d(τ
3). Integrate the latter over the compact M to get the assertion. 
Remark 7.7. The name we have given Lemma 7.4 stems from the equivalence of equation (7.43)
with the usual integralWeitzenbo¨ck formula
∫
M |dτ |
2
dVg =
∫
M
1
2
(
‖∇gτ‖
2
+ 2Rg(τ, τ)
)
dVg, see [12].
This is special instance of an example considered in [35], namely the Weitzenbo¨ck formula for two
forms in Λ214.
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8. Examples
All instances considered are locally of the form M = I × M∗ where M∗ is a 6-dimensional
manifold carrying a one-parameter family of SU(3) structures given by (ωt, ψ
+
t )t∈I and I is a real
interval. This gives G2 structures φ := dt∧ωt+ψ
+
t with associated metric g = dt
2+gt, where gt is
the metric onM∗ determined by ωt, ψ
+
t . Strictly speaking, pull-backs such as g = π
∗
1(dt
2)+π∗2(gt)
where πi is projection to the i’th factor ought to be included, but to simplify notation we set
dt := π∗1(dt) et cetera.
The examples all admit parallel or nearly parallel G2 structures. Some are flat, others have
constant sectional curvature. In particular, the curvature can be written W77 + S, and sometimes
W77 = 0 (constant sectional curvature), whilst in other (parallel) cases S = 0. The compatible
three-forms, however, appear to range over pretty much any torsion type not excluded by the value
of the scalar curvature.
8.1. Warped products. Let M∗ be an n − 1 dimensional manifold with metric g∗. Write Rg∗,
Ric∗ and (n − 1)(n − 2)ρ∗ = s∗ for the Riemannian, Ricci and scalar curvatures of g∗. Set
M := I ×M∗ with warped product metric g := dt2+ f2g∗ and curvatures Rg, Ric, n(n− 1)ρ = s.
An elementary calculation shows that the curvatures of g are related to (the pull-backs relative to
M →M∗ of) those of g∗ via
(8.47) Rg = f2Rg∗ − 12 (ff
′)2g∗ > g∗ − ff ′′dt2 > g∗,
It follows directly from equation (8.47) that
Lemma 8.1. [4] The warped product metric g = dt2+f2g∗ is Einstein if and only if g∗ is Einstein
and (f ′)2 + ρf2 = ρ∗. If g is Einstein, then f ′′ + ρf = 0, and Rg = f2W ∗ + 12ρg > g, where Rg is
the Riemannian curvature of g and W ∗ is the Weyl curvature of W ∗ considered as (4, 0) tensors.
8.2. Curvature of nearly Ka¨hler 3-folds. Let M∗ be a 6-dimensional manifold equipped with
an SU(3) structure, i.e., with data g∗, J, ω, ψ+, ψ− where g∗ is a Riemannian metric, J is an almost
complex structure, ω is a non-degenerate form, and ψ+ + iψ− is a complex volume form (of type
(3, 0)). The normalization conditions
ω = g ◦ J, 2ω3 = 3ψ+ ∧ ψ−,(8.48)
may be imposed to give relations ∗ψ+ = ψ−, Jψ+ = −ψ−, and so on. The structure equations
of a nearly Ka¨hler manifold are
(8.49) dω = 3σψ+, dψ− = −2σω2,
where σ is a positive constant related to scalar curvature s∗ and normalized scalar curvature ρ∗
through σ2 = s∗/30 = ρ∗. The Riemannian curvature tensor takes the form similar to the one of
a G2 structure of type 1
Rg∗ = K∗ + 12ρ
∗(g∗ > g∗),
where K∗(ω) = 0, K∗(ιXψ
±) = 0 for all X ∈ Γ(M∗), see [33].
8.3. Warped Products over nearly Ka¨hler 3-folds. Let I ⊂ R be an open interval and set
M =M∗ × I where M∗ has an SU(3) structure (g∗, J, ω, ψ+, ψ−). Define
ωt = f
2ω, ψ+t = f
3(cos θψ+ − sin θψ−), ψ−t = f
3(sin θψ+ + cos θψ−),
for smooth functions f, θ : I → R with f > 0. A warped G2-fundamental three-form φ is defined
on M by
(8.50) φ = ωt ∧ dt+ ψ
+
t .
This is compatible with the warped product metric g = dt2 + f2g∗ and has ∗φ = 12ω
2
t + ψ
−
t ∧ dt.
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Suppose (M∗, g∗, J, ω, ψ+, ψ−) is nearly Ka¨hler, normalized according to equation (8.48) with
structure equations (8.49). We define the warped G2 structure as in equation (8.50). Then
dωt = 2f
−1f ′dt ∧ ωt + 3f
−1σ(cos θψ+t + sin θψ
−
t ),
dψ+t = 3f
−1f ′dt ∧ ψ+t − dθ ∧ ψ
−
t + 2f
−1σ sin θω2t ,
dψ−t = 3f
−1f ′dt ∧ ψ−t + dθ ∧ ψ
+
t − 2f
−1σ cos θω2t ,
and the differentials of the fundamental forms are
dφ = −3f−1 (f ′ − σ cos θ)ψ+t ∧ dt+
(
θ′ + 3f−1σ sin θ
)
ψ−t ∧ dt+ 2f
−1σ sin θω2t ,
d∗φ = 2f−1 (f ′ − σ cos θ) dt ∧ ω2t .
From this the torsion components τp ∈ Ω
p(M) are obtained. We have
τ0 =
4
7
(
θ′ + 6f−1σ sin θ
)
, τ1 = f
−1 (f ′ − σ cos θ) dt,
τ2 = 0, τ3 = −
1
7
(
θ′ − f−1σ sin θ
) (
4ωt ∧ dt− 3ψ
+
t
)
.
The following elementary fact is recorded here for ease of reference
Lemma 8.2. Suppose b is a non-zero continuous function. Then the solutions to the equation
θ′ = b sin θ are: either sin θ = 0 = θ′, or cos θ = 1−a
2
1+a2 , sin θ = ±
2a
1+a2 , where a(t) = exp
∫ t
b(s)ds.
This Lemma ensures that given any function f , the torsion components τ0 and τ3 may be made
to vanish either simultaneously, with sin θ = 0 = θ′ or, when σ 6= 0, separately, by choosing an
appropriate solution θ to the equation θ′ = b sin θ above.
Proposition 8.3. Suppose (M∗, g∗, ω, ψ+, ψ−) is a nearly Ka¨hler manifold. Then any warped
product M = I ×M∗, g = dt2 + f2g∗ has RicW = 0. Any Einstein warped product M = I ×M∗,
g = dt2 + f2g∗ has Ricg0 = 0 = Ric
φ
0 and W64 = 0.
Proof. The first statement follows by using the formulas for the components τp of the torsion of
φ computed above in the expression for the Ricci curvature given by Lemma 4.4. The second is
an easy consequence of the forms of the curvature tensors of nearly Ka¨hler manifolds and Einstein
warped product metrics. 
8.4. Cohomogeneity one examples. A variation on this theme is obtained by considering a
homogeneous M∗ = G/H with H ⊂ SU(3). To be explicit we take G = SU(3), H = T 2. On M∗
there are invariant forms ωi ∈ Λ
2, i = 1, 2, 3, ψ+, ψ− ∈ Λ3 such that
ωi ∧ ψ
± = 0, ω2i = 0, vol0 := ω1ω2ω3 =
1
4ψ
+ ∧ ψ−, dωi =
1
2ψ
+, dψ− = −2
∑
i<j
ωiωj.
On M = I ×M∗ we set
ωi,t := f
2
i ωi, ψ
+
t := f1f2f3(cos θψ
+ − sin θψ−), ψ
−
t := f1f2f3(sin θψ
+ + cos θψ−),
ωt :=
∑
i
ωi,t, volt =
1
4ψ
+
t ∧ ψ
−
t =
1
6ω
3
t , Ωt := f1f2f3
∑
i<j
ωiωj =
∑
i<j
fk
fifj
ωi,tωj,t,
with {i, j, k} = {1, 2, 3}. An easy calculation gives
dωi,t = ln(f
2
i )
′dt ∧ ωi,t +
1
2
fi
fjfk
(cos θψ+t + sin θψ
−
t ),
dωt =
∑
i
ln(f2i )
′dt ∧ ωi,t + h(cos θψ
+
t + sin θψ
−
t ),
dψ+t = −k
′ψ+t ∧ dt+ θ
′ψ−t ∧ dt+ 2 sin θΩt, dψ
−
t = −k
′ψ−t ∧ dt− θ
′ψ+t ∧ dt− 2 cos θΩt,
where k = ln(f1f2f3), h =
f21+f
2
2+f
2
3
2f1f2f3
. Now set φ := ωt ∧ dt + ψ
+
t . Then φ is compatible with the
metric g = dt2 +
∑
i f
2
i gi, and volume vol = volt ∧ dt, and ∗φ =
1
2ω
2
t + ψ
−
t ∧ dt.
CURVATURE DECOMPOSITION OF G2 MANIFOLDS 23
Suppose that f1, f2, f3 are such that (fifj)
′ = fk (there is a one-parameter family of such
triples, see [13] for details). Then the metric g has holonomy contained in G2. For such a triple
one furthermore has k′ = h. Taking this in to account we calculate the torsion components of φ.
τ0 :=
4
7 (θ
′ + 2h sin θ),
τ1 :=
1
3h(1− cos θ),
τ2 := −
2(1− cos θ)
3f1f2f3
∑
i
(2f2i − f
2
j − f
2
k )ωi,t,
τ3 :=
3
7
(
θ′ − 13h sin θ
)
ψ+t −
4
7
∑
i
(
θ′ −
5f2i − 2(f
2
j + f
2
k )
2f1f2f3
sin θ
)
ωi,t ∧ dt.
First note that φ is parallel if and only if cos θ = 1. If cos θ 6≡ 1 then τ1 6≡ 0. Taking cos θ = −1
gives a 2 + 4 structure, which is a type 4 structure when f1 = f2 = f3.
If f1 = f2 = f3 =: f holds then τ2 ≡ 0 and
τ3 =
(
θ′ − 13h sin θ
) (
3
7ψ
+
t −
4
7ωt ∧ dt
)
.
In general this gives a type 1+3+4 structure, but using Lemma 8.2 again we may make either τ0
or τ3 vanish to obtain 1 + 4 and 3 + 4 structures, too.
Now suppose f3 > f2 > f1 and f3 > f1. The generic type is 1+2+3+4, but we may once again
use Lemma 8.2 to eliminate τ0 to get class 2 + 3 + 4. Proposition 8.3 and a little book-keeping
then proves
Proposition 8.4. There are warped product and cohomogeneity-one metrics g with Hol(g) ⊂ G2
and three-forms φ compatible with g of every admissible type, except possibly for 1 + 2 + 3. 
A three-form of admissible type means not one of the strict types 1, 2, 3, and 2 + 3. Type 1 + 2
doesn’t really exist as a strict class and every other type of G2 structure in this list has either
strictly positive or strictly negative scalar curvature, c.f. (4.25).
Remark 8.5. While the Riemannian curvature is a function of the metric alone, the G2 equivariant
splitting of the curvature is inherently dependent on the three-form, in general. However, for
the very special case of a warped product three-form with Einstein metric on the product of a
nearly Ka¨hler manifold with R, the component W77 equals the curvature component K
∗ of the
nearly Ka¨hler manifold for any φ. For the cohomogeneity-one G2 structures the picture is far more
complicated as the constant t hypersurfaces (N∗,
∑
i f
2
i gi) are half-flat rather than nearly Ka¨hler.
Remark 8.6. The following was explained to us by Bryant [8]: for a fixed metric g, the exterior
differential system corresponding to the equation p47(dφ) = 0 for a compatible G2-three-form φ is
involutive at points where the torsion τ 6≡ 0, with last nonzero Cartan character s6 = 6, so that
the general local solution depends on 6 functions of 6 variables. This along with Proposition 8.4
entails
Theorem 8.7. For every admissible Ferna´ndez-Gray type, there is a G2 three-form φ, with torsion
of this type such that the associated metric g has holonomy Hol(g) ⊂ G2.
8.5. Complete and compact examples.
Example 8.8. Suppose (M∗, ω, ψ+) is Calabi-Yau (corresponding to structure equations dω =
0, dψ+ = 0 = dψ−). Then for any smooth function θ : R → R, the three-form φ defined as in
(8.50) with f constant is smooth. The G2 three-form is of strict type 1 + 3 if θ is non-constant
and parallel otherwise. The associated metric is the Riemannian product metric on R ×M∗ and
hence has holonomy contained in SU(3) ⊂ G2. Compact examples may be obtained by the method
of [4], Section 9.109.
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For certain other choices of (M∗, g∗) and non-constant function f : I → R the warped product
metric on I ×M∗ also extends to a complete metric. This is the case when
gR7 = dt
2 + t2gS6 , I = R
+,
gS7 = dt
2 + sin2(t)gS6 , I = (0, π),
gH7 =
{
dt2 + sinh2(t)gS6 , I = R
+,
dt2 + e2tgR6 , I = R.
Here gN refers to the constant sectional curvature metric of N with |ρ| and ρ
∗ equal to 0 or 1.
Example 8.9. We consider hyperbolic space H7 with metric dt2 + e2tgR6 first. The structure on
M∗, as the examples of 8.8, has σ = 0 and f strictly positive. The warped three-form φ is therefore
smooth for any smooth function θ : R → R. The generic type is 1 + 3 + 4 for non-constant θ and
4 for constant θ. Type 1 + 3 three-forms require et = cos θ and therefore are not complete.
The remaining three cases are all cohomogeneity-one metrics on the isotropy irreducible space
M∗ = S6 = G2/ SU(3) equipped with its standard, homogeneous, nearly Ka¨hler structure so that
σ = 1. The structures with τ1 = 0 are: the flat G2 structure on R
7, where f = t, θ = 0 and the
unique nearly parallel (type 1) structure on S7, f = sin(t), θ = t. These are, of course, complete
and smooth.
Type 1 + 4 structures are given by the equation fdθ = sin θdt. Consequently, the metric and
three-form may conveniently be re-written in the familiar form
φ = (θ′)−3(sin2 θω ∧ dθ + sin3 θ(cos θψ+ − sin θψ−)), g = (θ′)−2(dθ2 + sin2 θgS6).
It is then clear that the three-forms of type 1 + 4 arise as point-wise conformal changes of the
standard nearly parallel structure on the 7-sphere. Examination of the solutions of Lemma 8.2
corresponding to b = f−1 shows that there are constants A and B so that
θ′ = A cos θ +B, where


|B/A| > 1, for f = sin(t),
|B/A| < 1, for f = sinh(t),
|B/A| = 1, for f = t.
The requirement that |θ′| > 0 imposes restrictions in the two latter cases. It is clear that both
metric and three-form are smooth where θ′ 6= 0. In the first case we see that all type 1+ 4 warped
G2 structures arise as global conformal changes of the standard nearly parallel structure on S
7,
see [11, 6].
Example 8.10. Type 4 structures are also interesting. First consider three-forms φ compatible with
the standard metric on R7. Since θ′ = 0 = sin θ, there are only two possibilities: either φ is parallel
(cos θ = 1) or τ1 = d ln(t
2) (cos θ = −1). In the latter case one notes that
t−6φ = s2ω ∧ ds+ s3ψ+ = ι∗φ, t−4g = ds2 + s2gS6 = ι
∗g,
where s := −t−1 and ι is the map ι : R7 \ {0} → R7 \ {0}, x 7→ −x/ |x|
2
.
The standard metric of the 7 sphere is compatible with the three-form
φ = sin2(t)ω ∧ dt+ sin3(t)ψ+.
We note that this three-form satisfies the necessary conditions of [13]. However, the three-form
has type 4 with torsion τ1 = − tan(t/2)dt = −d ln cos
2(t/2). This is clearly singular at one point.
Setting r = 2 cos2(t/2), s = tan(t/2) then ds = 12dt/ cos
2(t/2) and we may write
φ =
8
(1 + s2)3
(s2ω ∧ ds+ s3ψ+), gS7 =
4
(1 + s2)2
(ds2 + s2gS6) = r
2gR7 ,
This transformation realizes the same structure smoothly on R7. The metric represented this way
is not complete.
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For the hyperbolic space the same technique produces
φ =
8
(1− s2)3
(s2ω ∧ ds+ s3ψ+), g =
4
(1− s2)2
(ds2 + s2gS6),
where s = tanh(t/2) ∈ (0, 1).
8.5.1. Cohomogeneity one metrics over SU(3)/T 2. The analysis carried out in the final section
of [13] applies to the cohomogeneity one metrics based on M∗ = SU(3)/T 2, Sp(2)/ Sp(1)U(1),
too. Whenever θ is an odd function of t, f1 is odd with f
′
1(0) = 1 and f2 is even with f2(0) > 0
the metric g and three-form φ extend smoothly to the non-compact manifolds isomorphic to the
bundles of anti-self-dual forms over CP (2) and S4, respectively. These then carry smooth G2
structures compatible with the holonomy G2 structures which are either parallel or of strict type
2 + 4, 2 + 3 + 4, 1 + 2 + 3 + 4.
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